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= 1. INTRODUCTION

gl ‘

‘ﬂ:: The problem of testing for the dimensionality of the regression matrix under
é: multivariate regression model has received considerable attention in the litera-
;2{ ture, This problem arises in the areas of pattern recognition, signal processing,.
;5? and functional and structural relations. For a discussion on applications in

§%§ functional relations, the reader is referred to Anderson(1984).

. Fisher (1938) considered the problem of testing for the number of significant
tiz discriminant functions and it is a special case of the problem of testing for

_QS the rank of the regression matrix. Tintner (1945) derived the likelihood ratio

E? test (LRT) statistic for the rank of the above matrix when the covariance matrix
;:f; is known. Anderson (1951) derived the(LRT) statistic for the rank of the regres-
:zg sion matrix when the covariance matrix is known. Fujikoshi (1974) derived the

- ) LRT prqcedure for the rank of the regression matrix under growth curve model.
“$§3 Recently, Rao (1985) considered the LRT procedure for the rank under a general
iiﬁ model, incorporating the multivariate regression model and the two-way classifica-
i) tion with interaction and with one observation per cell. The above work was done
;Eé when the underlying distribution is multivariate normal. The object of this.paper
i§ﬁ is to discuss various procedures for testing for the dimensionality of the regression
., matrices and deriﬁe asymptotic distributions of the test statistics when the
*%ﬁ underlying distribution is real or complex elliptically symmetric distributionm.
?iis In Section 2 of this paper, we give some preliminaries and state the main
..' problems that are considefed. The LRT procedures for the dimensionality of the
f%; regression matrices are derived in Sections 3 and 4 for the cases of the real
i

v

AR

and complex elliptically symmetric distributions respectively. Asymptotic

distributions of the above test statistics are derived in Section 5 when the
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joint distribution of the observations is elliptically symmetric. Multivariate
normal and multivariate t distributions are special cases of the elliptically
symmetric distributions. In Section 6, we derive the asymptotic distribution

of the LRT statistic for the rank of the regression matrix when the observations
are distributed indepently as elliptically symmetric. The assumptions made about
the underlying distributions is Sections 5 and 6 are equivalent only in the case

of multivariate normal,
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2. STATEMENT OF PROBLEMS AND PRELIMINARIES

Consider the model

X = A0 + E 2.1)

where the error matrix E: nxp is distributed as an elliptically symmetric dis-

tribution with density

£(E) = ——1n7-2- h(trs 1E'E) (2.2)
z

where h(x) is strictly decreasing and differentiable function of x. Also,

A: nxk is known and of rank k<n, and 6: kxp is unknown. Now, let

A = C8 (2.3)

where C: uxk 1s known and of rank u. Let H, denote the hypothesis

1
that the rank of A is r and H2 denote the hypothesis that Ae¢ Pr' Here A€ Pr

denotes that the rows of A lie in a r~dimensional plane in p-dimensional space.

Now, let nr(a) denote the set of nxp matrices of the form
M= (GF+ ab')D ' (2.4)

where |G'G|#0, FF'= I and D: pxp is any positive definite matrix and b is any

pxl vector. Then Hl denotes the hypothesis that A« ﬂr(o) whereas HZ denotes the

hypothesis that Ae nr(l) where 1' = (1,...,1).

Next, consider the model

Z=AB + N (2.5)

where B: kxp is an unknown complex matrix,N: nxp is distributed as the complex

elliptically symmetric distribution with density given by
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FN) = 32— nQer NN | (2.6)
n

|z]

Here, we note that the complex elliptical distribution was introduced by Krishnaiah

and Lin (1984). In this paper, we consider the problems of testing the hypotheses

Hl and HZ

symmetric. We need the following lemmas in the sequel.

when the wndsrlying distributions are real and complex elliptically

Lemma 2.1. If a is a uxl complex vector, L: nxp is a complex matirx, Q: pxp is

~

Hermitian, positive definite matrix such that the rank of

S = Q’l/ ZL'(Iu-E(a'Efla')iq'l

- o~ o~

/2

is r or more, then the eigenvalues of

-1/ /2

s = Q 2wy @WQ !

are minimized simultaneously with respect to Me nr(a) if and only if

-1/2+(In-a(§‘a)’§’)L6-1

- o~ e

/ /2

M= [a(a'a) 1a'L]

2=,, 1= 1
-~ o~ Vrvr]Q
where the rows of Vr consist of normalized eigenvectors corresponding to the first
r largest eigenvalues of S. The minimum values of chi(S(M)) are given by ¢r+i
where chi(A) denotes i-th largest eigenvalue of A, ¢13,..19p are the eigenvalues of

S and ¢, = 0 for j> p.

3

When a, L and Q are real, the above lemma was proved by Fujikoshi (1974). The
proof of Lemma 2.1 follows along the same lines as in Fujikoshi (1974). From
Lemma 2.1, the following lemma follows immediately:

Lemma 2.2. Let f(S) be a function of a pxp Hermitian matrix S such that

£(S) = g(chl(S),...,chp(S))
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and g(+) is strictly decreasing in each argument. Then
max f(S(M))sg(¢r+1,...,¢p, 0,.,.,0)
Menm_(a)
r .
where ¢j = chj(S) for j=1,2,...,p.
The following lemma was proved in Bai (1984).

Lemma 2.3. Suppose

£.(2) = aéf)zm4-aéfizx’l+...+aé“)
£(2) ==a.ka+ a.k_lzk-l+. . .+a0

where K> k. Also, let fn(Z)-> £(Z) as n+ =, where aén)# 0, n=1,2,.., and a.k# 0.

In addition, let Zl""’zk denote the roots of f (Z). Then, we can suitably arrange

(n) Z(n)

(n)
1 P such that

the roots of fn as 2 ceesl

(n)
Zi -+Zi for i<k

|z se  for 1>k

n

as n-’m.
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3. LR TESTS FOR THE DIMENSIONALITY OF THE REGRESSION MATRIX
In this section, we derive the LR test for the dimensionality of the regression
matrix under the model (2.1) for the cases when I is known and unknown and the
underlying distribution is elliptically symmetric. For the sake of simplicity, we

first reduce the model to a canonical form. It is known that nonsingular matrices

TA, TC and orthogonal matrices I‘A, I'C exists such that
kxk uxu nxn kxXk
I
A=T/[7k]IT 3.1
nxk A(o ) A ( )
-1 A
CT,” = T (I OF.. (3.2)

We make the following orthogonal transformation

3
I‘C 0

Y-Z== rA (X - A9). (3.3)

0 In-k

From assumption (2.2) we get the density function of Y as

n

2] 2 n(erz - - ). (3.4)

If we partition Y and = as

Yl u = . lu

v = Y.{k-u 3 = E.lk=u
Y3 n-k 2. ln=k
P p

it is easy to see that

S N RS Y
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fLwrs
. = T!X
o Y, = (0 I,_)r. (1 0T}
_(;::
W< = ]
:;3;:: Y3 © In_k)I‘ AX
')
. - -1 (3.5)
» = = 'AB =
f: N (In O)I'C(IkO)I‘aA_ TC A
?
>y
& 2, = (0 L_ )T (I 0)T;A8= (0 L )T.T,6
.4_.‘ 2 -u” C Ik. A k-u""C A
1 " = = ! = I = .
1402 37 O L, ITR80 = (0 L) (k)T 0 =0
'-hd
d.‘-
ch
R Under canonical form the hypotheses H, and H, are equivalent to g € ﬂr(O) and
d - * * ~
s Ele Trr(a) respectively where o = Tcll. Now, let Hl and H2 denote the alternative
-'*_;: -~ -~ -~
A:} hypotheses Ele nr,(o) and Ele rrr,(a) respectively for some r' > r, - Algo, let
oS - ~
f o
‘ M = c(a'a) lc!
v -1
rea - = 1 ]
< % (A'A) "A'X
< - =\ -1 -
32 Sh(:,M) = (C E)'M ~(CB) (3.6)
_ S.(2,M) = (ce) T ity T e
\’:-: - ~ = ~ ~
3 S = X'(I-A(A'A) TTA")X.
-
3.1 LRT Statistics when I is Known
Ko *
\:.: When I is known, the LRT statistic for testing Hl against Hl is given by
L'-:‘-' - n - .
F:‘ max sup |Z|” Z h(er: l(Y—E)’(Y-E))
@ Elevr(g) 5,
LB T =
! -3 -1
= sup |Z|7 7 h(trz” (Y-E)'(Y-2))
<. =z =
v 1’72
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-1 -z ! -z -1,
_ max h(trZ (Yl _l) (Yl _1)+tr2 Y3Y3)
:lenr(Q)

h(trs 1Y§Y3)

Since h(x) is a decreasing function of x, Y3Z—1Y§z_0 and (Yl-El)Z-l(Yl-E)'Z_O,
we obtain, from Lemma 2.1,

h(¢r+l+...+¢s+tr2-lYéY3)

T (3.7)
1 -1,
h(trl Y3Y3)

where Y:'3Y3 = X'(In- A(A'A)—lA')X, ¢133..395 > 0 are positive eigenvalues of

-1/2,,y ;172

z 1Y = Sh(EO,M)Z—l and s = min(u,p). When the underlying distribution

is multivariate normal, we obtain

-21log Tl = ¢r+1+...+¢S . (3.8)

*

2

max h(trz"l(yl-a ) ' (Y, -= )+:rz'1Y'Y )

s er (a) 1 11 3°3
1 ¢~

The LRT statistic for testing H2 against H, is given by

T =
2

h(:rz”1Y5Y3)

LICAI PR trZ—lY§Y3)

(3.9)
h(:rz'1Y3Y3)

where ¢12:"3W§> 0 are the positive eigenvalues of Sf(EO,M)Z_1 and s = min(u-1,p).

When the underlying distribution ismultivariate normal, we obtain
-Zlog‘r2 = wr+l+...+1p§ . (3.10)

3.2 LRT Statistics when I is Unknown

*

When I is unknown, the LRT statistic for testing Hl against Hl

is given by

T T T S U S U 6 WU T T e A Tt S ST
el e e e e N T T e T T ey .
a DEM
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n

-

max max sup |Z| 2 h(trZ-l(Y-E)'(Y-E))

Elenr(g) £>0 52
T3 =
. _n -1

max sup |I| Z h(trz” T (Y-E)'(Y-3))
>0 =

2

-
max max IZI 2 h(trZ-l(Y -E )'(Y.-5)+Y'Y.))

- 1771 Y1 3'3
=,em (Q) >0

-z -
max |[Z|” 2 h(tr: lY:';Y3)
>0 n
- Ip -3
2 ‘(Y AR )
max A =Z -Z U
EIE“r(Q) max (h) 171 171 33 xmax(h)
= ) (3.11)

_mp “n
Anaidry | ¥3¥3l 2 h(Amax(h))

Equation (3.11) follows from Anderson and Fang (1982) who derived the LRT procedure

h (—

for 8 = 0 when the underlying distribution is veal elliptically symmetric. Now,

using Lemma 2.1, we obtain

1 1-3
_ o 2 N | S
T3 = max I—(Y3Y3) ((Yl'_lj (Yl-_l))(Y3Y3)
s.em (0)
1 '~
-
= 2
= ((l+dr+l)(1+dr+2)'"'(1+ds)) (3.12)

where s = min(u,p) and dlzf°':gs> 0 are the positive eigenvalues of Sh(EO,M)S-l.

*
Similarly, the LRT statistic for testing H2 against H2 is
_1 _L- 3
2 2
E - ' - 1] - [
TZ _ max I (Y3Y3) ((Y1 _1) (Yl _1))(Y3Y3) (3 13)
= enr (D)
1 '~
-
2
[(1+£t+l)...(l+z;)] (3.14)

where s = min(u~1,p) and 21::..12;> 0 are the positive eigenvalues of Sf(EO,M)S_l.

When the underlying distribution is multivariate normal, the test statistics T3

and TA were derived by Fujikoshi (1974) and T2 was derived by Rao (1965).
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4. LRT STATISTICS FOR THE DIMENSIONALITY OF
REGRESSION MATRIX IN COMPLEX ELLIPTICAL CASE

Consider the complex multivariate regression model (2.5) where N is distri-

buted as (2.6). Also, let

B, =C8 (4.1)

where C: uxk is known and is of rank u. In addition, let H10 denote the

%
hypotheses that the rank of AO is r whereas HlO denote the alternative hypothesis

that the rank of AO is greater than r where r <s = min(u,p). Also, let H

denote the hypothesis that A

20

*
0 Pr and let H20 denote the alternative hypothesis

that Aoe Pr' for some r'>r and r<s = min(u-1,p). Here AePr means that the

rows of AO actually lie in a r dimensional complex plane. The hypotheses H
*
and HZO are respectively equivalent to A€ nr(O) and A € nr(l). Also, let HlO

*
denote the alternative hypothesis that A e nr(O) for some r'>r and HZO

denote the alternative hypothesis that A€ nr(l) for some r' >r. We now reduce the

~

10

model in canonical form as in the real case,

*
The problem of testing H10 against HlO is equivalent to testing the hypothesis

Ele wr(g) against the alternative Ele nr,(g) for some r'>r and r <s = min(u,p)

in the canonical form. Similarly, the problem of testing HZO against H;O is

equivalent to testing the hypothesis El enr(g) against the alternative

El € nr,(?) for some r'>r and @ = T; } and r <s =min(u-1,p). When I is known, ;-;Zi
let T5 denote the LRT statistic for testing HlO against HIO and let Ib denote RN
the LRT statistic for testing HZO against H:O. Then, using Lemma 2.1, we

obtain the following:

+oot20 + Yy
h(2<bﬂ_1 2¢5 2¢trs 1Y3Y3

T =

5 (4.2)

h(2 trg 1Y5Y3)
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_1 =

r - hczwr’_1+...+2w§+2 trZ _Y3Y3)

6 - -
h(2 tr s ]Y§Y3)

(4.3)

A ~ -1
where ¢ >...>¢_ are the nonzero eigenvalues of Sh(G,M)Sz(Ip,M) » and Yo>.. 20

are the nonzero eigenvalues of Sf(é’M)Sz(Ip’M)-l' Here

shcé,n) - (co)"M Lch)
sz(Ip,z) =z

U B
M= C(A'A) “C

sf(é M) = (co)" [M'l-n'll (1'M'11)'11'M'l] (c8).

When the underlying distribution is complex multivariate normal, we have

T, = expl-(d_ +eea¥d )

TB = exp{-(wr+l+...+w§)}.

*
When I is unknown, we denote the LRT statistic for H,, and H, ., against H

10 20

T T
and HZO by 7 and 8 respectively. Then

_ -n
= {Q+d 20U+ o). (d4d)}

-n
T8 = {u+zﬁl)(1+z ...(1+2§)}

r+2)

(4.4)

(4.5)

(4.6)

10

(4.7)

(4.8)

where dlz,..zﬁs are the nonzero eigenvalues of Sh(é,M){Sl(I,S)}-l and 2 3,..3};

are the nonzero eigenvalues of Sf(e,M){Sl(I,S)}_l.
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5. ASYMPTOTIC DISTRIBUTIONS OF LRT TEST 44 !
STATISTICS FOR THE DIMENSIONALITY OF REGRESSION MATRIX St
We know that .. ._ 1;
{00
ALECA
/2 1 S
~|gt™0 - =E )V (Y. =)+ (Y =S )" (Y =Z)+7! gy
¥ 2T R (s T (- ) (O E (T ,E)) (Y, E)HY Y ) (5.1) navs
s
and dlz-"'lds >0 are the positive roots of Rf‘» !
IR
O ' l"y
= £ M) -ds| = |Y'y, -dvly|. . an
0 |sh( o as| |Y1Yl dviy, (5.2) |
| D
Since Z em (0), f.e., tk(Z,) =r>0, we know that f_:{%‘::{{}
i
2071
g L\
=t o =
l_l_l nL| =0 (5.3)

will have zero roots with multiplicity p-r and r nonzero roots. We arrange

these nonzero roots in order of decreasing wagnitude and they appear as

! vyt
QY) = VY149, 122

' ay! ta
QYZ* VW,V QY3 1W3V2.

LU
* DO
A =...=A =2 h=1,2,...,% R !
un-1+l ‘n b *: ’ | ‘ ':%:i
* U]
where uo-O, u1+...+u2=r, )\1>.»..>)\2. .
RIS
- - N
Since I l>0 we can write I 1-Q'Q, Q>0 and rk(QEl) = rk(?.l) =y, Hence ',?‘.'*Z\ '
AR LA
A
there exist orthogonal matrices Vis V,, such that ;\L":).\
~ - S
/II_A- 1 0 . . * o 0 ,{‘r‘
V'Q 'V = ul 'L"";
1712 _..’.:;.
0 ! nAIqu ¢« o . 0 = A (say) Yol
0 o o o 0 o o ‘e e e /;):»CIU
Let ' 4
K o 0 0




-~
- 13
b3

oy
z:' Then dll"'ids >0 are also the positive roots of
“'
"‘% v v =
o lYl «Y1x dW3W3| 0
b
'%‘ and the density of ;W exists, and it is the marginal density of
e 3
;"‘: h(tr (Y,  =A)' (X, ~A) +WIW, +WIW, )). (5.4)
o R A 22 "33 '
b Let Y, = WA, then d;>...2d >0 satisfies
-
& 2 | (W +0) " (W +A) - dWiW, | = 0 (5.5)
\ W 1 1 33 '
E ]
‘ and the density of Wl is the marginal density of
‘-“ 3 Wl‘u

- = - FEN ~ F '
:'.j W (wae) v, k-u h(trw'w)
[ w, |n-k
S.- 3

P

; -.‘:l = h(tr(w!w, +w!w, +wlw )). (5.6)

11 272 33

>

ADINOENE -
PPt

a Let

¢

[]

' T Geg) Wy = (93,8)

b 2 uxp (n-k)xp

C ' '

! B =¥y - —
B [_/r- I o . . 0 /A_].Iu 0 s e o o 0

'_“ C = wi 1 ul 1

=4 0 AT .0 0.. A1 .0 W,
e 2 u, + u,

. L3 . L] . L[] . . [ '0 : ) :0 ) ) . /TI

:: 0 . 3 . 0 [ . - /rzl Z u‘e
N ‘e 0...0 .. .0
“n d '] [ ) . 0 . L] . . 0 E_ |
= €11 - Sz B

:,:. = CU o Cu Et
.. ' '

(-' El LRC ] E‘e 0 \

o - A

Vo !

\‘ ! )

e e « . -
. L»,‘ \'\‘-.'\-}t . 1=
o -y M

200 o

q
., o "-: o ds - i PSS y 'r' AN b 0 . ‘n‘ 1 !‘n. 4 N: H;".':\-\:‘...;‘
YA Y, " s e 15 (o CeBNENEN A 0‘.:.. p b"-‘ WA s
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where

o= Ay ) @ gtheeny
B = r+l,...,u -

Then (5.5) can be written as

Alru . . 0
|n-1A+n-l/2C + |. 1'.. M d-]=B| =0 . 5.7
0. « + 2L n
Y
0 0

Let dl""’ds be the roots of (5.7). We classify them into 2+1 sets, con-
taining ul,...,ul, s-r members respectively.
% -
For the last set let d be any one of them putting d=n 11’ and substituting

1/2

it in (3.19), cancelling the common factor n from the last p—-r rows and columns

and finally letting n-+«, It isequivalent to

‘)\lIul . e & o . .El
iim . -. . = (5.8)
T . Aqul E,
: 1
By o oo B A" 7 Bavnanl
where
u
Avrreen ™ (czl "lea¥1eg) %08 % THLs..oup.
n-k

Burree1 = (tzlw3tuw3t8) e

Equation (5.8) 1is equivalent to

- _.1_ ] - - i ] - l‘.
Un [A) o 0n A EjBy=eee % EyEy =T & Bprrger!

= 1im [E-tl

o a Busrgerl = 0 (5.9)
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‘f‘
! Y‘ where
: Es(fw ) a,8B=r+l,...,p.
! ’ s ’
o taptl 1ea” 1t8
N
ﬁ Here, we note that eq. (5.8) is obtained by following same lines as in Hsu (1941).
"
! When the underlying distribution is multivariate normal, we denote E, B by
'v..: L+1e+1
4 (N) )
e E and B!L+12+l respectively. We have

'l

E(N)B(N)-l ¢dnes’t

- n 1,041 TP P41, 041
' ’

5y Since
oy
e (N) :

1im Bz+1z+1 I (a.e.)
i.p o
s
,:'o‘ we have
R
KX

(N) 1 - (N)

v lim|E T;B!H-ll"l'l[ [EY =1I| = 0 (a.e.) (5.10)
- o
i;[ (5.10) has s~r nonzero roots, written as LCETERFL R Let
,' W]
f —
W ti=ndi f=r+l,...,s.

Then, by Lemma 2,3, for i =r+l,...,s we have

. Ti hd Ti as n-—+o,

i;: So when n+»

4 s .

- -2l T, = -2 ] In(14d)) 2
1 i=r+l

< s Tn

s = ! @+ (5.11)
d i=r+l n

oo Yot
(=Y
[ ]
q
=

-
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Similarly, we can show that the asymptotic null distribution of -2 ‘In Tais

2
x(p—r)(u-r-l)’ _n

We know T, = ((1+2_,.)...(1+L)) 2, § = min(u-1,p) and £, 2...2£:>06 are the

positive roots of

0= |sf(som) - 18|

- ez ~agty cagnag oy Tiah - ey |

where

Y

Y
( l> has the same density as in the proof of (5.11). Since
3,

S BN SRR BES DS B
tk[I -(To DT D(TD) (TD] = u-l

and it is an idempotent matrix, there exists an orthogonal matrix I‘uxu such that

riagty (gt aghn Thagn s = U L

Taking orthogonal transformation

X1 r o ry

1 1
1| . e - Y,
X, . S Y,

Partition X as

Then 21_3_...113 >0 are positive roots of

--------------

-' -)'.‘J‘

E%E‘\»fﬂ"a. fatS‘*ﬁ AN

......

- . AN o
M&A‘i\aﬁw"ﬁ " ..A " " ) "_:' " ').‘ ‘,\,'_,."?L'- SRR AE B 1 - \

T o O o P P e I iy o T e Py Ty W ™1
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- ' =
| %%, -2¥iY.| = 0

44N and the density of (}Y{l} is the marginal density of
3

4 <
30 2 -1 ( 1)_ A W ,
|z} hitr (X, ) T'E)) ((x%>—r E)) HY)LY Y]

(N
1ty where

g =
Y,, = ¥,+5,.

f. . Since rk(,I"El) = r>0, Similar to (5.11), there exist orthogonal matrices Vl,V2

ey such that

A T +.0 w1 (D

K< 1 ul .

-": ] 1 = . ° =

= vy(QrtE)v, 0. .. /m, I [o | (say)

\ong
15N 2
:% 0

T
:\{: where A1>...>>\2 ul+...+u1=r and L 1 = Q'Q Q>0. Taking transformations
Ny
W

+
oY
D) QX' = VIX,V, QV), = VIWV, Q¥}= ViWv,
)
‘
e
] ,:‘,' and denoting

a0
3
oy A(l) wil) A(l)

- X, =w + = +
O * 1 0 w(2) 0
AN 1
:::\:
}E we observe that LPERERES 3 >0 are the roots of
|
ER R/
e | e a Dy @D a Dy L era | = 0
Y 1 373
a w
k
..::-.: and the density of |1 | is the margfnal density of

. Y3

e
Y
A

),
n
. »

Pl
)\a
N I"(‘(_I%-’.. iy .4<4)'~‘4 ,1" ‘.1»- a\-yvsq“ S AN N L
h P N w? » Y, % AL PR i S L “a S Y . ™o NN ®
e W90 ENGAY, it i .‘v. el fetelntctn % ""-'ﬂ‘-*ﬁhtjﬂ'}};ﬁﬁ\m}ﬁm}iﬂ
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r 3\
w(l) u-1

1
)= | @] ~hler v,

1l
w k=u

2
w ‘n—k
L3 )

calh zall ek L al tak 4k AR ek s aBotal el Al L aRo aie it Ade Rha Ris-50a Yt §

So, the joint distribution of Zl,...,l-s- follows in similar way as the joint

distribution of d.,...,d .
1 -]

I 3
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6. ASYMPTOTIC DISTRIBUTIONS OF TEST
STATISTICS WHEN THE OBSERVATIONS
ARE INDEPENDENT

Consider the model

X= A0 +E

where A and 9 are as defined in (2.1), and

But we assume that E are distributed independently as

By Em)

-1/2 -1
lz] h(tr: E(i)gzi)) (6.1)

-~

with characteristic function ¢ (trITT'). We discuss the asymptotic distribution
of the last s-r nonzero eigenvalues of Sh((-),lﬁl){Se(I,S)}-1 and Sf(e,M){Se(I,S)}-l.

Following the same lines as in Section 5, we have

lim|E - 1 B2+12+1| =0 (6.2)
nre
where
E=( y w. )  @,B = r+l,...,p. (6.3)
ol Y1ta"1t8
n-k
Bprrger = ¢ Z Y3ta¥3eg) 0B = THlie.eope (6.4)

Wl = (w

uxp

Y=Y _ ~ A

laB 1%

= vz[(In 0)1“(:(1k 0)r"\(x-Ae)Q']vi
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Wy o= (i)
(n=-k)*p -
= \J a ] '
V,0(0 I__ )T} (x-A8)Q" 1V} (6.5)
and Vl’VZ are two orthogonal matrices, Q'Q = Z-1>'0.
Let
)
Za)
z = |. = (X-A6)Q' (6.6)
nxp ;v
~(n)

P

From (6.1) we observe that Z(l),...,Z(n) are distributed independently as h(trzz').

Now, let

Te = (Tgyy)» flﬁn T e+
kxk
By simple computations we have
bl V
Feyr, . T2 een L CLT )
2’1 1=1 Cli Aei“ ™21 g=1 1=1 Cii Ali zn
= s ¢ e s e e o o e o ?
wl vz . L] L] . . . . . . . . . Vl
J i ‘z“y‘
( r T cee T Iy )Yz
21 i1 Cui Ali ll g=1 1=1 Cui ALi" "4n
[}* 2*7
L11 : : : .1n
e e |V (sam) (6.7)
°* e o o -*
. * L] m
and for any a (1,...,u), b (1,...,n) we have
*
E Zab =0 (6.8)
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*
Var 2 Var| Z( y Te )z, 1 (6.9)
ab go1i=p Cal TagtdZop

n
zziizlrc . Tani) (var Zgp)

k

2
[-2¢" (0] 22 ( Z rCai Ali v igjrcairAzircbjFAzj

)

n k n

k
2 2
[-26"(0)){ Jro . ¢yrs y+§yr_.r_.¢(yr, T,
i=1 % 24 i#j Gai €bj ga1 AL AL]

)}

-26'(0). (6.10)

*
In the following we prove that the different Zab's are uncorrelated., For

any c(#a) e (1,.v05u), d(#b) e (1,...,n)

* % n k k
® Zablea © ‘QZ lZ cai’ag1)? )(Ezfiil cciani)Zpd?
RS ]
= e, r (I T YE(Z,. Z )]
g,m=1 i=1 Cai AJLJ. i1 CCi Am 2b“md

When £ =m, b# d and E(Z .2 ) =0.

*
When 2 # m:E(Zzmed)= 0 and so E(za z obZmd

* 0

pZea? = O
*

So E(Zachd) =0, When £ = m, b = d, we have

' . k n
E(Z 20 ) = (26" (0)) 1 r T (Y, .T ).
ab cd 13=1 cal ccj 2=1A£i Alj
Also,
g
r T 0 i43
£=1Azi ALj
Z E
r = 1, but r r =0 1i=j,
z_1A2.i i=1 cai ceci
x k * :
= = - '
So, E(Zabzcd) 0. Now, let Zab v=2¢"'(0) Uab' By the central limit Fheorem

we get that U  's are mutually asymptotically independent normal variates with

ab

zero mean and unit standard deviation.

“2 .l- ) 4- S '..}-’JA"': -.".("/"\ g
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Similarly,

(n n ::‘7 ey,
yr Z,, ... T z L
1 1 LIRS,
{=1 Aik+1711 421 Ai k+17ip bR
= ] Te e
w3 VZ e & o o *« o o . o vl "--q" w

] ) ;
T VA “ . .. 2
{=1 AinTil i=1 Ainip \
';ikia
~ _':-_'{q

]
2 ... .. . 1 (say)

and for any i,k e (k+l,...,n) j,2€ (1,¢e.,pP)

ij
=2¢'(0) i=k, j=2

1] k4 0 otherwise,

Let

Z.. = /=257 (0) v,

1j i’

The Vij's are mutually asymptotically independent normal variates with zero mean .

and unit standard deviations.

Let il
* u ~':v:.:::

E = ( z Ut(!UtB) a,8 = T+l,...,4Ps .-L‘-‘l‘

t=r+l )
x n-k N :
= = S

Bopraer = (L VegVeg) @08 = T+l,...,p. RN

t=1 o

SONLY

‘." W

Then o

1 . A
lim [E - Ta Bz+1z+1[ 0 o
nreo .

- "

SN

is equivalent to .\.h
W e ae e a4 T
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.J’,ll

10,

A7
P

Lg* | =0

*
lim |[E" -t PYRS TSRS

n->o
1

Um o B 1041

n-rw©

I.

So, as n+=», Tr+l"'°’Ts

(u~r) degree of freedom.

are the eigenvalues of the central Wishrat matrix with

Then following the same lines we can discuss the asymptotic distribution of

the last s-r nonzero eigenvalues of Sf(e,M){Se(I,S)}-l.
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